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(N : Abstract. In this paper, we consider the cubic nonlinear Schrodinger equation, and the Hartree 

equation, with sufficiently regular convolution potential, both on the real line. We are interested 
^ in bounding the growth of high Sobolev norms of solutions to these equations. Since the cubic NLS 

C J , is completely integrable, it makes sense to bound only the fractional Sobolev norms of solutions, 

whose initial data is of restricted smoothness. For the Hartree equation, we consider all Sobolev 
norms. For both equations, we derive our results by using an appropriate frequency decomposition. 
In the case of the cubic NLS, this method allows us to recover uniform bounds on the integral 
, Sobolev norms, up to a factor of For the Hartree equation, we use the same method as in 
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our previous paper 1441 , and the improved Strichartz estimate to obtain a better bound than the 
one that was obtained in the periodic setting in the mentioned work. 

1. Introduction. 

1.1. Statement of the problem and of the main results: Given s > 1 real, we study the 
defocusing cubic nonlinear Schrodinger initial value problem on R: 



> 

t^: (1) 



j iut + Au = X eR,t e 



■ The equation ^ arises in the Gross-Pitaevski scaling limit of large systems of bosons, and in 

I geometric optics [43l |48l |40] . The one-dimensional cubic NLS on M has a specific physical meaning, 

and it is used to describe a Bose gas in elongated traps and the so-called cigar-shaped Bose-Einstein 
condensates |39j . For a rigorous mathematical derivation of the equation from many-body quantum 
dynamics, the reader should consult 1 . A rigorous derivation of the two-dimensional version can 
be found in l38l. 



(2) 



Furthermore, we study the Hartree initial value problem on R 

jiut -I- Am = (y * \u\'^)u,x e R,t e R 

\u\t=o = * e H^m- 

The assumptions that we have on V are the following: 

(i) V e L^{R) 

(ii) V>0 

(iii) V is even. 

The Hartree equation appears in the mean- field limit of large systems of bosons [331 US] . 

Since the problem ((1} is energy-subcritical and defocusing, for fixed s > 1, H]) has a unique 
global solution in H"^ |50j . In this paper, we are interested in estimating ||u(t)||^f3 from above. 
We recall from [24j [40] that ([T]) is completely integrable. Therefore, if s = fc is a positive integer, 
one can deduce, by using a fixed finite number of conserved quantities that there exists a function 
Bk-. H'' such that for all t G R: 

1 



2 



VEDRAN SOHINGER 



(3) \\u{t)\\H>^ <B,{<i>). 

From the preceding observation, it makes sense to consider only the case when s is not an integer. 
One notes that the uniform bounds for i/" norms when s is not an integer don't fohow from the 
uniform bounds on the integer Sobolev norms if we are assuming only that $ e 77* (M). 

Given a real number x, we denote by x+ and x— expressions of the form x + e and a: — e 
respectively, where < e ^ 1. With this notation, the result that we prove for ^ is: 

Theorem 1.1. (Bound for the Cubic NLS) Suppose s > 1 is not an integer. Let a := s — [sj 
denote the fractional part of s. Suppose $ € _ff*(R), and let u denote the global solution to the 
corresponding problem (Qp. Then, there exists a continuous function : — > K such that for all 
t e R; 

\\u{t)\\H^<F,mi + \t\r^- 

Theorem 11.11 gives a solution to an open problem that was mentioned on the Dispersive Wiki 
Website [21]. 

Unlike the one-dimensional cubic NLS, the Hartree equation doesn't have infinitely many con- 
served quantities. The following quantities are conserved under the evolution of 



M{u{t))^ J \u{x,t)\^dx (Mass) 

and 

E{u{t)) = ^J \S/u{x,t)\^dx+^J{V*\u\^){x,t)\u{x,t)\^dx (Energy) 

We hence deduce that is uniformly bounded whenever w is a solution of ([2]). The bound 

that we prove is: 

Theorem 1.2. (Bound for the Hartree equation) Let s > 1, and let u be the global solution of (0). 
Then, there exists a function Cs, continuous on such that for all t : 

(4) \\u{t)\\H^<Cs{m + \t\)^'^\mH^- 

The bound in Theorem 11.21 is better than the bound C(l -t- |i|)5*+||$||^f3, which we obtained in 
the periodic setting in |44) . 

Remark 1.3. As in |44| . we can see that the focusing-type analogues of Theorem \l.l\ and Theorem 
hold, if we suppose that the initial data is sufficiently small in L^. Namely, if we take ||$||l2 

sufficiently small, Theorem \L1\ holds for the focusing NLS on M. The continuity of the higher 

conserved quantities is the same [M]. Furthermore, under the same smallness assumption. Theorem 
still holds for (0) when the convolution potential is not necessarily non-negative, but is still 

real-valued. 

1.2. Motivation for the problem and previously known results: The growth of Sobolev 
norms has a physical interpretation in the context of the Low-to-High frequency cascade. Namely, 
we see that weighs the higher frequencies more as s becomes larger, and hence its growth 

gives us a quantitative estimate for how much of the support of jup has transferred from the low 
to the high frequencie^. This sort of problem also goes under the name weak turbulence [21 |3l I52j . 



^We observe that, from conservation of energy, not all of the support of u can move to the high frequencies. If a 
low-to-high frequency cascade occurs, then a part of u must concentrate near the low frequencies, to counterbalance 
a movement of u towards the high frequencies. The growth of high Sobolev norms quantitatively describes the latter 
part of the process. 
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From local well-posedness theory [71[TH[Sn], we know that there exist C, tq > 0, depending only 
on the initial data $ such that for all t: 

(5) \\u{t + To)\\H^ <C\\u{t)\\H^. 
Iterating ([5]) yields the exponential bound: 

(6) \\u{t)\\H^ <Cie^'K 
Here, Ci, C2 > again depend only on $. 

For a wide class of nonlinear dispersive equations, the bound® can be improved to a polynomial 
bound, as long as we take s to be an integer, or if we consider sufficiently smooth initial datsQ. 
This observation was first made in the work of Bourgain [5] , and continued in the work of Staffilani 

saiizi. 



The crucial step in the mentioned works was to improve the iteration bound ([5]) to: 



(7) \\u{t + to)\\h^ < \\u{t)\\H^, + C\\uit)\\]^r. 

As before, C, tq > depend only on $. In this bound, r e (0, 1) satisfies r ^ K One can show 
that implies that for all i e R: 



(8) \\umH^^<c{m + \t\V^- 

In [3 , (O was obtained by using the Fourier multiplier method. In |46l 147] , the iteration bound 
was obtained by using multilinear estimates in X'^'^-spaces. Similar estimates were used in |37| in 
the study of well-posedness theory. The key was to use a multilinear estimate in an ^'^'''-space with 
negative first index s. Such a bound was then used as a smoothing estimate. A slightly different 
approach, based on the analysis of Burq, Gerard, and Tzvetkov pJJ is used to obtain ([7]) in the 
context of compact Riemannian manifolds in |13[ 153] . 

An alternative iteration bound, based on the use of the upside-down I-method, was used in |44) . 
and it gave better polynomial bounds for solutions of nonlinear Schrodinger equations on . The 
main idea was to consider the operator I?, related to such that ||I?u||^2 is slowly varying. A 
similar technique can be applied to the Hartree equation on and on . The latter results will 
be presented in our forthcoming paper |45) . 

In the paper |10) . improved polynomial bounds were obtained for the defocusing quintic NLS 
on . The techniques used in this work were based on dynamical systems and Birkhoff normal 
forms, by which the nonlinearity was reduced to its "essential part" . The bound given in (10. for 
the quintic equation is stronger than the one we obtained in [44], but the proof for the stronger 
bound doesn't seem to work for higher nonlinearities. However, the method given in works for 
all nonlinearities. 

All the polynomial bounds mentioned so far involve powers which are essentially a multiple of s. 
On the other hand, let us consider the linear Schrodinger equation on S"^ with a real time-dependent 
potential, i.e. 

(9) iut + Au^ Vu. 

Here, y : 5*^ x M — >• R. If ^ is taken to be smooth in x and t, and we assume that it satisfies the 
bounds: 



'i.e. if we take $ G //r^l; This of course only makes sense for the equations which are not completely integrable. 



4 



VEDRAN SOHINGER 



(10) 



y| < C(a, for all non-negative integers a,/?. 



Under the assumption pUj) . it is shown in [8. that, for every e > 0, the global solution u of © 
with initial data $ e satisfies for all t e M: 



The same bound is also proved on T'', for d > 2. The proof of the latter result relies on more 
sophisticated number theoretic arguments. Furthermore, it was noted in [9l [51] that one obtains 
an improved logarithmic bound if further regularity assumptions on V are added. Finally, let us 
note that recently, a new proof of ([TT]) was given in |22j . The argument given in this paper is based 
on an iterative change of variable. In addition to recovering the result (jlip on any d-dimensional 
torus, the same bound is proved for the linear Schrodinger equation on any ZoU manifold, i.e. on 
any compact manifold whose geodesic flow is periodic. It is still an open problem to adapt any of 
these techniques to obtain improved bounds for nonlinear equations in the periodic case. 

To the best of our knowledge, there are no polynomial bounds not involving powers of s in the 
non-periodic case except Theorem 11.11 As we will see, the proof of Theorem 11.11 also works for 
integer s. Hence, the obtained bounds allow us to recover the uniform bounds (|3]) for integer s, up 
to a loss. 

Let us finally mention that the problem of Sobolev norm growth was also studied in a recent 
paper by CoUiander, Keel, StafRlani, Takaoka, and Tao 20 , but in the sense of bounding the 
growth from below. In this paper, the authors exhibit the existence of smooth solutions of the cubic 
defocusing nonlinear Schrodinger equation on T^, whose norm is arbitrarily small at time zero, 
and is arbitrarily large at some large finite time. One should note that behavior at infinity is still 
an open problem. 

1.3. Main ideas of the proofs: 

1.3.1. Main ideas of the proof of Theorem The main idea of the proof of Theorem 11.11 is to 
look at the high and low- frequency part of the solution w as in [8], and to use the bound ([3]), which 
gives us uniform bounds on integral Sobolev norms of u. In particular, we let iV be a parameter, 
which will be the threshold dividing the "low" and "high" frequencies, and we define Q to be the 
projection operator onto the high frequencies. From i.e. from the uniform boundedness of the 
ijL^J of a solution, we can derive that for all times t: 



Here B = C($)A^^", where a s— Js[g [0,1) is the fractional part of s. We note that the 
exponent is then in [0, 2) and is not a multiple of s. We use the estimate ([T2l) to bound the 
low-frequency part of the solution. 

One then has to bound ||(5u(t)||i/s. For ti > 0, we look at the quantity: 



Since we are working on the real line, we can use an appropriate dyadic decomposition and the 
improved Strichartz estimate (Proposition [221) to obtain a decay factor of in the above integral 
in time. The exact bounds we obtain are the content of Proposition 13.41 At the end, we deduce 
that there exists an increment S > 0, and C > 0, both depending only on the initial data such that 
for all to E R, one has: 



(11) 



\\u{t)\\„.<C{^,e){l + \t\r 



(12) 



\\{I-Q)u{t)\\j,.<B. 
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(13) \\Qu{to + 5)\\j,. < (1 + j^)\\Qu{to)\\h + 
Here, Bi<j^B. 

The idea now is to iterate (fT3|) for times to — 0, (5, ... , n6, where n G N is an integer such that 
n < N'^-. 

Multiplying the obtained inequalities by appropriate powers of 1 + j^i^, and telescoping, we show 
that: 

(14) \\Qu{nd)rH. < (1 + j^r\\Qu{0)\\%. + B 
Since n < N^^ , we know: 

Using the previous bound, ([12]) and (IT4l) . we can show that for all t £ \Q,nS\: 

\HtWHs<c\m]j.+B. 

Optimizing N in terms of the length of time interval [0,r] on which we are considering the 
solution, and noting that then B becomes the leading term. Theorem 11.11 follows . 

1.3.2. Main ideas of the proof of Theorem The main argument is similar to the one given in 
|44j . Given a parameter > 1, we will use the method of an upside down I-operator, followed by 
the method of higher modified energies to define a quantity E'^(u(t)), which is linked to ||'u(^)lllf= • 

As in [44], our goal is to prove an iteration bound of the type: 

(15) E^iuito + S))<il + ^)E'{u{to)). 

for all to e M, with (5, a > 0, and the implied constant all independent of ^o- 

Due to the presence of the decay factor -j^, ([T5]) can be iterated ^ times to obtain that 
< 1 on a time interval of size ~ N". One then uses the relation between E'^{u{t)) and ||w(t)||^fa 
to get polynomial bounds for ||w(t)||//s. 

The bound (|15p is proved in a similar way as the corresponding estimate in [44] . In order to 
construct E"^ , we need to consider the multiplier ip which is defined by: 

when the denominator doesn't vanish, and tp := otherwise. Here, is an appropriately smoothed 
out and rescaled version of the operator D". For details, see ([55]) . ([77|. and (|75| . The key is then 
to obtain pointwise bounds on such a ip. This is done in Proposition 22] 

We observe that the bound we obtain in Theorem 11.21 is better than the corresponding bound 
in the periodic setting. This is a manifestation of stronger dispersion, which is present on the real 
line. In this paper, we will prove that on M, ([TS]) holds for a — 3—. We recall from [33] that the 
analogous estimate on holds for a = 2—. Heuristically, the improvement is obtained by using 
the improved Strichartz estimate, which holds on the real line. 

Let us note that Theorem 11.21 would follow trivially if we knew that ([2]) scattered in , since 
then all the Sobolev norms of solutions would be uniformly bounded in time. The currently known 
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techniques to prove scattering don't seem to apply in this context though. Namely, the techniques 
from [26[ 130) require for us to the have additional assumption that our solutions lie in weighted 
Sobolev spaces, and the obtained bounds depend on these weighted Sobolev norms. Hence we can't 
argue by density here. The methods from [27] require the initial data to belong to an appropriate 
subset of the Gevrey class. Finally, the techniques used in |4H 142] apply only in dimensions greater 
than or equal to 5. 

Remark 1.4. The techniques of proof of Theorem \l.S\ avvlu to the derivative nonlinear Schrddinger 
equation: 



(16) 



iut + Au = idx{\u\'^u), 



The equation U6]) occurs as a model for the propagation of circularly polarized Alfven waves in 
magnetized plasma with a constant magnetic field |48| . In order to obtain global well-posedness in 
H'^ , we need to have the smallness assumption: 



(17) ||<I>|U2 < V2^, 

From |33) . we know that 1116]) is completely integrable. Hence, as for the cubic NLS, it makes 
sense to bound only the non-integral Sobolev norms of a solution. 

Bound for the Derivative NLS. For s > 1, not an integer, and $ £ H^{M.), satisfying the 
smallness assumption Ji?] ), there exists C(s, I^Hz/i) such that the solution u of ilb]) satisfies: 

(18) \Ht)\\H' < C(l + \t\)^'+\mH^, for allt e R. 

The proof of l\18^ is quite involved. Unlike Theorem we are not able to recover uniform 
bounds on the integral Sobolev norms of a solution. The techniques that we applied to the cubic NLS 
don't seem to work for the derivative NLS due to the derivative in the nonlinearity . A sketch of the 
proof of ([721 given in Appendix C. 

Organization of the paper: 

In Section 2, we give some notation and recall some known facts from Harmonic Analysis. In 
Section 3, we Prove Theorem 11.11 Theorem 11.21 is proved in Section 4. Appendix A contains the 
proofs of auxiliary results for the cubic NLS, whereas Appendix B contains proofs of auxiliary results 
for the Hartree equation. In Appendix C, we sketch the proof of the bound for the derivative NLS. 
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2. Notation and known facts. 

In our paper, we denote by A < B an estimate of the form A < CB. for some constant C > 0. 
If C depends on d, we also write A <d B and C = C{d). Let us denote by ||/||lp the L''(]R) norm, 

and we denote by || /Hl^L"^ the mixed norm: 

■■=iJ(J \f{^,t)rdx)idt)^. 

with the usual modifications when q ~ oo. We define the spatial Fourier transform of a function 
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/ e L2(R) by: 

Jr 

The spacetime Fourier transform of a function u e ^ (M. x K) we define by: 
Let us take the convention for the Japanese bracket to be: 



Given s e R, we define the operator Z?^ by: 

D^) :- iO'Iii)- 
Furthermore, we define the operator D'^ by: 

Also, we define the Sobolev norm of / = f{x): 

\\f\\H^ ■■=mrf\\L^, 

and the corresponding Sobolev space: 

H^{R) :={/: II/IIh-, :=<oo}. 

Let us also define: 

iJ°°(M) := Pi H^R). 



Furthermore, given s, 6 S M, we define the X'^''' norm of m = u{x, t): 
and the corresponding X'^'^ space 



X'*'''(M X M) := {li : \\u\\x^.» < oo}. 
We shall usually write the above spaces just as and X'^-''. On M, we recall the following Strichartz 

estimate (c.f. [71 [5D]). 

(19) II/IIl?,, < 11/11^0,1 + . 

Interpolating between (IT9)) and ||/||l2 = H/Hxo ", it follows that: 

(20) ll/Lt. 

From Sobolev embedding, we deduce that: 

(21) \\f\\LrLl<\\f\\^o.^^- 

and: 



(22) WfhrL^ < 11/11 



1 J. 1- 



X2 +' 2 + ' 

Interpolating between (IT9|) and ((2T|) . we obtain: 



(23) <ll/ll^o,i + . 

From [U, we recall the following localization bound for X*''' spaces 
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Lemma 2.1. If b £ (0, ^) and s £R, then, for c < d: 

(24) IIXM](i)/llx-'.^ < ll/IU=.'>+ 

where the implicit constant doesn't depend on u, c, d. 



For the proof of Lemma lO] we refer the reader to the proof of Lemma 2.1. in Appendix A of 44 . 
We remark that the proof of the Lemma given in the periodic case carries over to the non-periodic 
case. Let us also note that a similar locahzation resuh was also proved in [18j . and was stated 
without proof in [T^ . 

From |6l I15j . we recall that on M, the following improved Strichartz estimate holds: 

Proposition 2.2. Suppose N > and suppose f,g£ X°'^+(M x M) are such that for all t £ R; 

suppfit) C {|^| ^ N}, suppm C {|e| < N}. 
Then, the following bound holds: 

II/.9I1l?,, <A^-^ll/ll^o4+ll9llo,i+- 
We observe the following consequence of Proposition 12.21 

Corollary 2.3. For f,g as in Proposition \2.S\ one has: 



Let us prove Corollarv l2.3l 
Proof. Let /, g be as in the assumptions of the Lemma. We observe that by Holder's inequality: 

WffAlLfLl < ll/llLfLjbllLfL* ^ 11/11^0 i+ll5ll_^o.i + - 

The last inequality follows from 
Given e > small, we take: 



1 = 1 



Then £ [0, 1] satisfies: 



2 ' '4 2+e 
By using interpolation and Proposition [221 we deduce that: 

\\f9hr'Ll<i\\f9\\Llfi\\f9\\LtLiy-'< 

iN-^^\\f\\^o.iA9\\^o.,i^ri\\f\\^o.,iA9\\^o^i^y-' < 



Since = 1-, Corollary O follows. □ 

In our analysis, we will have to work with x = X[to,to+s] (^)i the characteristic function of the time 
interval [to, to + 6]. It is difficult to deal with x directly, since this function is not smooth, and since 
its Fourier transform doesn't have a sign. Instead, we will decompose x as a sum of two functions 
which are easier to deal with. This goal will be achieved by using an appropriate approximation to 
the identity. We will use the following decomposition, which is originally found in |15| : 

Given (j> £ C(^{M.), such that: < < 1, /jj 4>{t) dt = 1 , and A > 0, we recall that the reseating 
of (j) is defined by: 
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We observe that such a rescahng preserves the norm: 



Having defined the rescaling, we write, for the scale iV > 1: 



(25) xit) = ait) + bit), for a:=x* ^n~^ ■ 
In Lemma 8.2. of [TS], the authors note the following estimate: 

(26) ll«W/ll^o4+<A^°+ll/ll^o,i-.. 
(The implied constant here is independent of N .) 

On the other hand, for any M G (l,+oo), one obtains: 

ll^lLf = \\x- X* 't>N~A\L^' < llxlLf + \\x*<i^N~A\Lf 

which is by Young's inequality: 

< WxWl}' + \\x\\LiA\<t>N-A\L\ = 2||x||lm = C(M,x). 

If we now define: 

(27) 6i(t) :- / |S(r)|e^*^dT. 

Then the previous bound on ||fo||iAf and the Littlewood-Paley inequality [33] imply: 

(28) <C(M,x)- W<J>). 

To explain the fact that C(Af, x) = C(M, $), we note that x is defined as the characteristic 
function of an interval of size 5, and (5, in turn, depends only on $. 



We will frequently use the following modification of Proposition 12.21 

Proposition 2.4. (Improved Strichartz Estimate with rough cut-off in time) Let u,v € 

M) satisfy the assumptions of Provosition [KM Suppose also that Ni > N. Let ui,vi be given by: 

Ul := \ ixu)~\,vi ■.= \v\. 

Then one has: 

(29) \\uiVi\\l2^ < ^^||u||^o,i + ||t;||^o.i + 

The same bound holds if: 

ui:=\u\,vi := \ixv)~\- 

Proof. Let's consider the case when ul — \ixu)~\,vi = \v\. With notation as earlier, let Fi,F2 be 
given by: 

F\ -.^ \iau)~\,K -.^ \ibu)~\. 
Then, by the triangle inequality, one has: 

21 < ?\ +?^. 
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Since Ui,vi > 0, Plancherel's Theorem and duality imply that: 



=1 "'-ri+r2+T3=0 "'Cl+C2+C3=0 



3"''] 



< sup / / Fi{^i,Tl)vi{£,2,T2)\c{^3,T3)\d£,jdTj + 

\\c\\^2 _i JTi+r2+T3=0 Jil+i2+ti=0 

sup / / F2iil,Ti)vi{^2,T2)\c{^3,T3)\d^jdTj 

\\c\\^2 ^1 "'ri+T2+T3=0 "'5l+«2+?3=0 

Since Fi,F2,vi > 0, it follows that the latter expression is ^ |lFiz;i||^2 + ||i^2Wi||^2 . Hence, it 
follows that: 

\WiVi\\lI^ ^ II-^'i'^iIIl?^ + \\F2Vi\\lI^ 
By Proposition 12.21 by the frequency assumptions on Fi and vi , and by the fact that taking 
absolute values in the spacetime Fourier transform doesn't change the X'^'^ norms, we know that: 

\\FiVi\\l2^^ < -^||aw||^o,i + ||w||^o,i+ 

We now use (pS)) to deduce that this expression is: 

<^(iVO+||^|| 

J^2 XI X ^ 

Since iVi > TV, this expression is: 

(30) <^\\u\\ o.i+M^o.i+ 

On the other hand, let us consider c e ^rj- With notation as before, one has: 

{F2V1 )~(Cl , Tl ) C(C2 , T2 ) dS^j dTj I 



/ \ibu)~{^l,Tl)\vi{C2,T2)c{C3,T3)dCjdTj \ 

'ti+T2+T3=0 Jil+i2+i3=0 

<[ I |6(ro)||u(a,Ti)||iri(6,T2)||c(6,r3)|de,dr, :-/ 

"'to+Ti+T2+T3=0 J^1+£,2+^3=0 

We then define the functions Gj, j = 1, . . . , 3 by: 

Gi := |u|,G2 := \vi\,G3 := \c\ 
Recalling ([ST]) , and using Parseval's identity, it follows that: 

f bi{t)Gi{x,t)G2{x,t)G3{x,t)dxdt 



We choose AI e (l,oo), and 2+ such that: jj + — ^- By an Lf^ , L^^ L^, L^ ,^ Holder inequality, 
we deduce that: 

^<ll&l|lLfl|GlG2||^2+^2||G4L2_^ 

We use ([28|) . Corollary [231 a-nd Plancherel's theorem to deduce that: 
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By duality and by Plancherel's theorem, it follows that: 

(31) II^^2^i|Il?,, <^hll^o.l+ll«ll^o.i + 

The case when ui := \u\, vi := \{xv)~\ is treated analogously. The Proposition now follows from 
ISni) and (EH)- 

□ 

Furthermore, given a function u e ^, and a dyadic integer iV, we define the function w^v as the 
function obtained from v by restricting its spacetime Fourier Transform to the region |^| N. We 
refer to this procedure as a dyadic decomposition or Littlewood-Paley decomposition. In particular, 
we can write each function as a sum of such dyadically localized components: 

X! 

dyadic N 

Let US give some useful notation for multilinear expressions, which can also be found in |15[ 119) . 
For n > 2, an even integer, we define the hyperplane: 

r„ :- {(Ci, . . . ,6.) e M" : a + • • • + = 0}, 

endowed with the measure S{S^i + • • • + ^i). Given a function M„ — M„(a, . . . , on r„, i.e. an 
n-multiplier, one defines the n-linear functional A„(M„; /i, . . . , /„) by: 



A„(M„; /i, . . . , /„) := / M„(a, • ■ • , Cn) H 
As in [15], we adopt the notation: 



(32) A„ (Af„; /) := A„ (A/„; /,/,..., /, /). 
We will also sometimes write ^ij for ^ + £,j,£,i-j for ^ — etc. 

Finally, let us recall the following Calculus fact, which is often referred to as the Double Mean 
Value Theorem: 

Proposition 2.5. Let f G C^(M). Suppose that a;,?7,/Lt G M are such that \ri\, \^\ <^ \x\. Then, one 
has: 

(33) \f{x + n + f{x + fi)- fix + /i) + f(x)\ < \rjM\f"{x)\. 
The proof of Proposition 12.51 follows from the standard Mean Value Theorem. 

3. The cubic nonlinear Schrodinger equation. 
3.1. Basic facts about the equation: The equation ([T|) has the following conserved quantities: 

(34) M{u{t)) :^ J \u{x,t)fdx (Mass) 

(35) E{u{t)):=l- I \Wu{x,t)\^dx+'^ [ \u{x,t)\'^dx (Energy) 

We observe that ||u(i)||//i can be bounded by a continuous function of energy and mass. Energy 
and mass are in turn continuous on by Sobolev embedding. 



12 



VEDRAN SOHINGER 



The following local-in-time bound will be useful: 

Proposition 3.1. Suppose that u is a global solution of (OJ). Then, there exist S = S{s, Energy, Mass), C — 
C{s, Energy, Mass) such that, for all t^ £ R, there exists v G X'''2+ satisfying the following prop- 
erties: 

(36) ^'l[to,to-H<5] = ""kto.to+A"]' 

(37) \\v\\^..i+<C\\uito)\\H^, 

(38) lkl|^,,i+<C. 

Furthermore, 5 and C can be chosen to depend continuously on energy and mass. 

The proof of Proposition 13. II proceeds by an appropriate fixed-point method and is analogous to 
the proof of Proposition 3.1 in [44 . Furthermore, from the mentioned proof, it follows that S and 
C depend continuously on energy and mass. For the details, we refer the reader to Appendix A in 

m- 

In the proof of the fact that Fg , as in the statement of Theorem II. 1[ depends continuously on 
the initial data, w.r.t. the i/* topology, we will use the following: 

Proposition 3.2. (Continuity of conserved quantities) Suppose n is a positive integer. Let En 
denote the conserved quantity of {Ip, which, together with lower-order conserved quantities, we use 
to bound the _ff " norm of a solution. Then E„ is continuous on H" . Moreover, one can construct 
a function _B„ : H" R that satisfies (0) and is continuous on H" . 

The proof of Proposition 13.21 is given in Appendix A. 

Although we are starting with initial data $, which we are only assuming belongs to H'^, and 
hence with solutions of ([T}, which we only know belong to H^, our calculations will require us to 
work with solutions which have more regularity. Hence, we will have to approximate our solutions to 
p]) with smooth ones, and argue by density. The density argument is made precise by the following 
result: 

Proposition 3.3. Suppose u satisfies (Qp with initial data $ G H'^, and suppose each element of 
(u*-"-*) satisfies ^}) with initial data $„, where G 5(M) and $„ $. Then, one has for all t: 

The proof of Proposition 13.31 is analogous to the proof of Proposition 3.4. from |33], given in 
Appendix B of the mentioned paper. The proof is very similar, so it will be omitted. We refer the 
reader to [H] for details. 

Proposition l3.3l allows us to work with smooth solutions and pass to the limit in the end. Namely, 
we note that if we take initial data $„ as earlier, then, by persistence of regularity, u^"\t) will belong 
to H°°{M.) for all t. If we knew that Theorem 11.11 were true for smooth solutions, we would obtain, 
for all n eN, and for all < G M: 

||u^"Ht)lk= <^^.($„)(1 + |^|)"+. 

By letting n oo, and using Proposition 13.21 and the continuity of Eg on H^, it would follow 
that for alH G M: 
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\Ht)\\H^<Fsim + \t\r^- 

We may henceforth work with $ e 5(]R), which imphes that u{t) G H°°{M.) for all t. The claimed 
result is then deduced from this special case by the approximation procedure given earlier. We will 
make the same assumption in our study of the Hartree equation. 

3.2. An Iteration bound and Proof of Theorem ll.lt Let u denote the unique global solution 
to ([Ij. From the previous arguments, we know that we can assume WLOG that for all t S M, u{t) E 
iJ°°(R). Our aim now is to use uniform bounds on ||M(t)||^fc coming from ([3]) to deduce bounds on 
||u(t)||/fs. The key is to perform a frequency decomposition, similarly as in |8]. 

Let iV > 1 be a parameter which we will determine later. We define the operator Q by: 

(39) Qf{0-^m>Nf{0- 

We write s = fc + a, for fc e N, a G (0, 1). Using the definition and ([3]), it follows that: 

\\{I-QHt)\\H^ <N"\\{I-Q)u{t)\\H^ < 

(40) <iV"||u(t)||^. <iV"Bfe($). 

We will use ()40|) to estimate the low-frequency part of the solution. 

The key now is to estimate the high-frequency part of the solution. This is done by the following 
iteration bound: 

Proposition 3.4. Let S = > be as in Proposition \3.1i Then, there exists a continuous 

function C : — )• M such that for all to G R, one has: 

\\Quito + S)\\j,.-\\Quito)rH.<^\\uito)\\l.. 

Before we prove Proposition 13.41 let us note how it implies Theorem ll.il 



Proof, (of Theorem 11.11 assuming Proposition l3.4p 
Let us fix to G M. It follows that: 

WQuito + 5)111^. < (1 + ^)\\Quito)\\l. + QHto)\\h 

By (gni), it follows that: 

(41) ^\\iI~QHto)\\h < ^N^'^Bli^P) =: KiN,<S>). 

If we multiply K by an appropriate constant, we can write, for all to ^ 



(42) \\Qu{to-^S)rH. < {l + ^)\\Qu{to)\\h+K{N,<^). 

Given n e N, we take to = 0, (5, 2(5, ... , nS and apply to deduce the inequalities: 
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WQumh < {i + ^)\\Qumh + KiN,'i>) 

\\Qui26)rH, < {l + ^)\\Qui5)\\l.+KiN,^) 

\\Qu{{n-l)S)\\l. < {l + ^)\\Qu{{n-2)S)rH.+K{N,<i>) 
WQuinSWH. < {l + ^)\\Quiin^m\\l.+KiN,^) 

Let 7 := 1 + ■ Let us multiply the first inequality by 7""^ , the second inequality by 7""^, 
and the (n — l)-st inequality by 7. We then sum to obtain: 

(43) \\Qu{nS)\\l. < (1 + ^)"||g^(0)||l,. + KiN, $)(! + 7 + • • • + 7-^)- 

Let us now consider n such that n < . For such an n, we have: 



(44) (l + ^)n^O(i?^(<i,)). 



and hence: 



7-1 (1 + ^ 



(45) - ^ 0(^i-i?2(<i>)). 



We can take the functions i?i,i?2 : — > R to be continuous. If we then combine (PT|) . (|44I) . (P5|) 
with P5|) . it follows that: 

Hence, by continuity properties of Bk coming from from Proposition 13.21 and by the construction 
of i?2, we can find a continuous function R3 : H'^ K such that for all n < N^~: 

(46) l!Qu(n5)IU= < i?3(*)(l+A^"). 

Combining (|40l) and (j46|) . we deduce that there exists a continuous function R4 : i/'' — > K, such 
that for all n < A^, one has: 

\\u{n6)\\H^ < i?4(*)(l + ^"). 
Finally, by using appropriate local-in-time bounds on each of the n intervals of size S, it follows 
that there exists a continuous function R : H'' — > R such that, for all T < N^~5, one has: 



(47) 

Let us now take: 



\HT)\\H^<R{m+N) 
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Then: 



N ' 



J. 

(This is the step in which we choose the parameter N.) 



Consequently, since 6 = <5(<i>) > is a continuous function on H^, it foUows that there exists a 
continuous function K on such that for T > 1: 



a+ 



(48) ||w(r)||H. <F,($)(i + r) 

From local well-posedness, we get the same bound for times in [0, 1]. By time reversibility, we 
also get the bound for negative times. Theorem 11.11 now follows. 

□ 



Let us now prove Proposition 13.41 
Proof. We know that: ut = iAu — i\u\'^u. Hence, we compute: 

j^\\Qu{t)\\l. - j^{D'Qu{t),D'Qu{t)) = 2Re{D'Qu,D'Qut) = 

= 2i?e(L>"Qu, D'ut) = 2Re{D'Qu, iD'Au) - 2Re{D'Qu, iD'Hufu)) = 



(49) =-21m.{D'Qu,DWuS^u)). 

We note that in the third equality, we used Parseval's identity and the definition of Q to omit 
the operator Q in the second factor, and in the fifth equality, we argued similarly and used the fact 
that 

{D^Qu^D'Au) = {D''Qu,D''AQu) e M. 

It is important to remark that this quantity is indeed finite since u{t) £ H°°. This is what allows 
us to differentiate in time and use the previous formulae. 

Hence, if we fix to E R, we obtain: 

\\Qu{to + S)\\l. - \\Qu{to)\\h = 1'"^' j^WQ^mh = 

to+S 

2Im{D''Qu,DWu\'^u))dt. 
Thus, it suffices to estimate: 

I r^\D'Qu,D'{\u\''u))dt\. 

J to 

Let V be the function we obtain by Proposition 13. 1[ if we are considering the time Iq we fixed 
earlier. For the 5 > 0, which we obtain by Proposition 13. 1[ we denote: 




Then: 
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{D'Qu,Dmu\^u))dt= r {D'Qv,D'{\v\'^v))dt = 

to ^ to 

x{t)D''QvD''{vvv)dxdt. 
With notation as in Section 2 for dyadic integers A^i, A^2, ^3, -/V4, we define: 

lNi.N2,N3,Ni ■= x{i)D'' QvNiD" {v^VN^vJC^dxdt. 

Jr jr 

By definition of Q and the fact tliat ~ I'^il ~ deduce that Ini,N2,N3,N4 is zero 

unless the following conditions hold: 

(50) Ni > N. 

(51) max{N2,N3,Ni}>Ni. 
By Parseval's identity, the expression Ini,N2,N3,N4 is: 



{x(t)D'QvNj {^i,Ti) {^2)' {vn2VNsVnJ {i2,T2)d£,jdTj = 

{x{t)D''QvN,)~{^i,Ti) (6+6 + ^4)'' (w]^)~(6,-r2)wjv;(C3,-r3) {vN:r{^4,T4) d£.jdTj 
So, by the triangle inequality: 



\INi,N2,N3,nA ^ 

\{x{t)D'QvN,mi,n)\ {MsHiV 1(^^)16,^2)1 1^^(6,^3)1 \{vw:nu,r4)\d^,dTj. 

We now use a "Fractional Leibniz Rule", i.e. we note that: 



Hence, by symmetry 0, it suffices to estimate: 



JNi,N2,N3,N4 ■ = 

|(x(t)i?^Q^;ArJia,n)| ((6)1(^^)16, r2)|) (6, r3)| |(T}]^)16,r4)| d^d^. 



\ixit)D'QvN,n^i,n)\ \iD^VN2n^2,r2)\ \vnA^3,T3)\ \ilm:riU,ri)\d^,dT,. 
Let us define: 

■^From the argument that follows, we see that the two other terms are estimated analogously. The fact that the 
D" falls on a term with or without a complex conjugate doesn't matter in the argument. 
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(52) F,{x,t):^ / |(xWi^^g«^J~(C,r)|e'(^«+*^)d^dT 

(53) F2{x,t):= f I \{D^VM,m,T)W^''^+'^U^dT. 



(54) F,{x,t):= / / |S^(C,T)|e^(-«+*^)dfrfr, forj-3,4. 

JM. JR 

Hence, by Parseval's identity, since all the Fj are real-valued, we obtain: 

(55) JnuN2,N3,N4 ~ / / FiF2FzFidxdt. 

JR JR 

We consider the following Cases: 

Case 1: max {N2, N3, N4} = N3 or max {N2, N3, N^} = iV4. 

Let us WLOG suppose that max {N2, N3, N4} = N3, since the case max {N2, N3, N4} — N4 is 
analogous. Here: 

\Jni,N2,N3,N4,\ = Jni,N2,N3.N4i whlch is by (1551) and by an Lj ^, Lj ^, Lj^ Holder's inequality: 

< ll^l||L|,JI^^I!Lt,JI^3||L^ JI^^L^,^ = 
^\\Fl\\Lf\\F2\\Lt\mLf\\F4Lf, 



which by using ((20)) is: 



<||Fi|l^o,3jl^^2|l^o,3 + |1^^3|l^o,|+|li^4|l^o,| + 



By definition of the functions Fj, and by the fact that taking absolute values in the spacetime 
Fourier transform doesn't change the X^^'' norm, it follows that the previous expression is: 

From Lemma I^TT] and the fact that |+ < 5, this expression is: 

From Proposition 13. 1[ we bound this by: 

(56) <^\\uito)\\h. 
Let us observe that in this case, we have: 

N3 > N2, Ni and iVg > A^i > N. 
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Hence, we have obtained a favorable decay factor of 

Case 2: max{N2, N3, N4} = N2. 
Subcase 1: N2 > A^3,iV4- 

Since — ^^d ~ Nj, it follows that Ni ^ N2. Hence: 

(57) Ni^ N2>N and iVi - iVa > N3, N^. 

In this subcase, we will have to argue a little bit harder. The main tools that we will use will be 
the improved Strichartz estimate Proposition 12.21 and its modification, Proposition l2.4l 
We use (|55|) and an Lf^,Lf^ Holder inequality to deduce that: 

\JnuN2,N3.N4\ < 11^1^311^2^11^2^411^2^ 

By the assumption on the frequencies, ([5^. ([5^ . ([5^ . Proposition 12.41 and Proposition 12. 2[ this 
expression is: 

^ {^^\\D'QvNA\^o.i,+ \\vNj\^o.i + ){^\\D''vN.A\^o.i+\\vNj\^o.i, + ) 



By ([57)) . this expression is: 



We now use Proposition 13. II to deduce that in Subcase 1, one has: 

(58) \Jn„n,mA < ^^\Hto)\\h- 

By (|57p . we notice that in this Subcase -4^ is again a favorable decay factor 

-™2 

Subcase 2: ^2 ^3 > ^4 or N2 N4> N3. 

Let us consider WLOG the case when N2 ^ N3 > N4, since the case N2 ^ > N3 is analogous. 
By the same argument as in Case 1, it follows that: 



Since N3 ^ N2, it follows that: 



(59) < ^11^.(^0)11?^. 

In this Subcase, is an acceptable decay factor. 



Combining ([55)1 and ([5^ . it follows that in Case 2, one has the bound: 
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(60) \Jn„n,mA < ^^\Hto)\\h- 

We now combine (j56p . (j60|) and sum in the dyadic integers Nj, keeping in mind the assumptions 
(|50p . ([5T|l . and the assumptions of each case. It foUows that: 



_ cm 

Hence, by construction of Jni,N2,N3,N4,, we deduce 



Jni,N2,N3,N4\ < -j;p;^\\u(to)\\Hs 

Ni 



EC($) 2 

The fact that C($) depends continuously on $ w.r.t the i?^ topology follows from Proposition 13. 1[ 

as well as the same continuous dependence of S, energy, mass, and the uniform bound on the 
norm of 7i. Proposition l3.4l now follows. □ 



4. The Hartree equation. 

4.1. Basic facts about the equation and definition of the V operator. As in the case of the 
cubic NLS, we will take $ e S{M.) in order to rigorously justify all of our calculations. The general 
claim follows by density and the Approximation Lemma, i.e. Proposition 13.31 applied to ([2]). 

The same iteration argument that we used for the cubic equation doesn't work for ([3]), since the 
only conserved quantities that we have at our disposal are mass and energy. We now adapt to the 
non-periodic setting the upside-down I-method approach that we used on 5*^ in |44] . 

We first define : M ^ K by: 

(61) ^0(0 :=l'^'^'^'^'-' 

[l, if|^|<l. 

We extend for 1 < |CI 2 such that Oq is even, smooth on M, and such that it is non-decreasing 
on [0, +oo). By construction, we then obtain: 



(62) Km 



< 1^0(01 



(63) Km 



(64) Ooix + y)<eoix)+eo{y). 

Suppose now that iV > 1 is given. Then, we define: 



Hence: 
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(65) 6(0 := 

From dni]),®, and (|M1), we obtain: 



(^)%if |e|>2iV 

1, if lei < N. 



(66) 
(67) 



\e'm 

rm < 



< 1^(01 



m)\ 



(68) 6'(a; + y) <6'(a;)+6'(y). 

Having defined 9, we define the X>-operator by: 



(69) 

One then has the bound: 



(70) \\T^f\\L-<\\f\\Hs<N'\\Vf\\L2. 
Let u denote the global solution of We then have the following result: 

Proposition 4.1. Given to £ K, there exists a globally defined function v 
the properties: 



X M — > C satisfying 



(71) 



^l[to,to+5] = f^\[to,to+S]- 



(72) 



<c(s,ii;(<i>),M($)) 



(73) 



||2?«||^„,^+ < C(s, £;($), A/($))||2?t.(to)||L- 



Moreover, S and C can be chosen to depend continuously on the energy and mass. 

The proof of Proposition 14.11 is analogous to the proof of Proposition 3.1. and Proposition 4.1. 
in [33]. The point is that all the intermediate estimates that hold in the periodic setting carry over 
to the non-periodic setting. Since V S L^(]R), we know that V € L°°(M), so one can directly modify 
the proof for the cubic NLS to the Hartree equation as in [33]. We omit the details. 



4.2. An Iteration bound and proof of Theorem 11.21 As in the periodic case, let: 

E\u{t)) -.^wvumi.. 

Then, arguing as in [33], we obtain, that for some c G M: 



^ E'^{u{t)) = ci 



dt 



mii)?-m2)f + m^)f-{e{u)f) 



(74) 



?l+C2+?3+C4 = 
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Recalling the notation from the Introduction, as in |44) , we consider the following higher modified 
energy 

(75) E^{u) := E\u) + Xi{M4,;u). 

The quantity M4 will be determined soon. 



The modified energy is obtained by adding a "multilinear correction" to the modified energy 

^i?^(?i), we need to find 



E^ considered earlier. In order to find 4:E'^{u), we need to find -^A4(A/4;u). Thus, if we fix a 



multiplier AI4, we obtain: 



at 



= -*A4(M4(e?-e2+^3-C4);^^) 
-if [M4(Cl23, 6,^5,^6)^^(6 +6) 

"'Cl+?2+C3+«4 + ?5+e6=0 

-M4(Ci, 634, 6, 6)^^(6 + 6) + M4(ei, 6, 645, 6)v^(6 + 6) 

(76) - M4(ei,6,6,C456)i>(6 + 6)]«(a)"(6)^^(6)S(C4)^(6)u(6)dO 

With the setup (j74p and (j76p . we can use higher modified energies as in in the periodic setting 
Namely, it follows that if we take: 

(77) Mi ■■= 
where ^' is defined by: 

* : r4 ^ R 

.(g(Ci))"-(g(6))"+(e(g3))"-(e(;4))"y(€3+^4) ■rc2 ^2,^2 c2 



(78) ^:=r ii-ii+ii-i. 



„ \''\'ii>> -yw)) ^yyia)) -^''t.im V \i3->-<;n -c f2 , c2 -I- (\ 

c ?F«I+«F3 ' It 6 - 6 + 43 - 6 ^ 

0, otherwise, 
for an appropriate real constant c. One then has: 



(79) jE?{u)^~i\^{M^;u). 
where: 



^6(6,6,6,6,6,6) := M4(623,6,6,6)n6 +6) 
-M4(6,634, 6, 6)1^(6 + 6) + Af4(6, 6, 645, 6)^(6 + 6) 



(80) 



-M4(6,6,6,656)n6 + 6) 
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The key to continue our study of E'^{u) is to deduce pointwise bounds on ^I^. We dyadically localize 

the frequencies as ^ Nj. We then order the in decreasing order to obtain: Ni > N2 > 
iVg > N^. Let us show that the following result holds: 



Proposition 4.2. (Pointwise bound on the multiplier) Under the previous assumptions, one has: 

1 



(81) // n; » n;, VP = o{j—^0iN*)eiN;)). 



(82) // N* ~ N*, * = O{^^0{N*)9{N;)N;n:). 



In the proof of Proposition 14.21 the following bound will be useful: 
Lemma 4.3. Suppose that \x\ > \y\. Then, one has: 

|(0(x))2-(%))2|<(|x|-|y|)i^. 

\x\ 

We prove Proposition 14.21 and Lemma [4.31 in Appendix B. 



Using Proposition 14.21 and arguing as in [44], we deduce that, whenever m is a global solution of 
([2]), one has: 

(83) E'^{u)^E\u). 
Arguing as in f4T, the key is to deduce the following bound: 

Lemma 4.4. For all to G M, one has: 

\E^{u{to + S)) ~ E^iuito))] < j^E^{u{to)). 

We see that Theorem 1 1 . 2 1 follows from Lemma 



Proof, (of Theorem 11.21 assuming Lemma [ 

By Lemma WM there exists C > such that for all to G M, one has: 

(84) E^{u{to + S))<il + ^)E^iuito)) 

Using (|84|) iteratively, we obtain that VT > 1 : 



E\u{T))<{l + j^y^^E\^) 



Let us take: 



(85) T - A^^- 
For such a choice of T, one has: 

(86) E^{uiT))<E\^) 
Using dlOl), and dSS]), it follows that: 



^ Strictly speaking, we are using ((73} to deduce that we can get the bound for all such times, and not just those 
which are a multiple of 5. 
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(87) <rt+||$||H. < (i + r)*+|l$||H.. 

Since for times t S [0, 1], we get the bound of Theorem II. 21 iust by iterating the local well-posedness 
construction, the claim for these times follows immediately. Combining this observation, (|87p . 
recalling the approximation result, and using time- reversibility. Theorem 11.21 follows . □ 



We now prove Lemma [ 

Proof. Let us WLOG consider to = 0. The general case follows analogously. By (|79p . we write: 

E'^{u{S))^E'^{u{0))= [ ^E^{u{t))dt = -i j \Q{MQ-u)dt 
Jo Jo 

We recall (|80l) . and we use symmetry to deduce that it suffices to bound: 

^4(623, 6, 6, 6)^(a + 6)^^(6)^(6)^^(6)^(6)^(6 )s(6)c?6'^i 

Let V be as in Proposition 14. 11 and let x = x{t) = X[o.s]{t)- The above expression is then equal to: 



s 

^4(623, 6, 6, 6)v^(6 + 6)^^(6 )^(6)^^(6)^(6)^^(6)(x^)16)d6rfi 



"'Ci+---+C6=o 



/ / M4(6,6,6,6) 

Jt^A \-T.=Q J£iH h£d=0 



'riH \-Ti=Q J^iH h£4=0 

{{V * \v\^)vmi,n)^^2,T2)viC3, r3)(x«)16, n)d^jdTj 
Let A'j, J = 1, . . . 4, be dyadic integers. We define: 

lNuN2,N3,Ni ■= / Af4(6,6,67 6) 

"'riH hr4=0 J?iH h?4=0 

{{V* \v\'^)v)~N, {(l,Ti)vN2{^2,T2)vNs{^3,T3){xv)~Ni {U, T4)d^jdTj . 

We want to bound lNi,N2,N3,Ni- Let us define by N* the appropriate reordering of the Nj. We 
know: 

(88) - n;, > N. 

We have to consider two Big Cases: 

Big Case 1: N* :$> N*. 
Big Case 2: ^ N^. 

Big Case 1: 

From Proposition 14.21 in this Big Case, we have the bound: 
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1 

We consider several Cases: 



(89) M4 = O(_-0(7V*)0(iv*)) 



Case 1: iVj* - A^i (and hence - A^i). 
Let us assume WLOG that: 

N;^N2,N;^N3,N:^Ni. 

The other cases are analogous. 
By using (|102p . we deduce: 



\lm.N..N„NA < [ f n^^(^i + ^2 + 6)^(iV2*: 

l^^(6 , Tl ) 1 1 ^^(6 , T2 ) 1 1 w(6 , T3) PjVa (^4 , 7-4) 1 1 WATs (^5 , T-s) 1 1 (X^^)~Af4 (?6 , ^e) I d^j dTj . 

From (1681). we know that: 



0(a + 6 + 6) < 0(6) + ^(6) + ^(6)- 

By symmetry, we need to bound: 

JTi-i 1-T|3=0 "'4l + --- + 56=0,|Cl+52+53|~A'l W^i / 

1 1' (6 , n ) P(6 , T-2 ) 1 1 W (6 , T-3 ) (^4 , 7-4 ) 1 1 WAf3 (^5 , T5 ) 1 1 (xw)~A4 ('Ce , Tg ) | d^" dr^ 



< 



[ I 7Tki(2^-r(a,n)i 

"'ri + ---+r6=0 "'^i+---+^6=0,|?i+6+?3l~A'l '^^^l -I 



|v(6,T-2)||w(6,T-3)||(2?w) A2 (C4,T4)||WA3(C5,T5)||(XW) Af4 (^6 , Te ) | d^' rfr,- . 

Now, 16 + 6 + 61 ^^1, hence: 

max{|6|, 161,161} >A^i- 
We have to consider several subcases: 

Subcase 1: |6I ^ ^i- 

The contribution to in this subcase is: 



< 



^ (|(l?^;)~>A,(6,n)||?A3(6,r5)|) 



(|(X'w)~Ar2 (6,'r4)||(xw)'A4 (6,T6)|)|w(6,T2)||w(6,T3)M6dTj = 

= / / j^F^F^'KFlF.F.dxdt 
Js. Jr W^i ) 

For the last equality, we used Parseval's identity for the functions Fj , which are chosen to satisfy: 
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Fi = \{Vv)~>^^F2 = \VN,\, = \iVv)~Nj,F^ = HxvVn.IF^ = \vl Fe = \v\. 

We now use an L2^,i2^,ij°°^,ij°°^ Holder inequality, Proposition!^ Proposition!^ and 1^ to 
see that this expression is: 



(90) < j^E'HO)). 



Subcase 2: l^al > Ni. 



The contribution to in this subcase is: 



< 



ri+---+r6=0 J5i + ---+56=0 W^li 



( I ) 7V2 (^4 , T4 ) 1 1 (XW ) (Ce , T-6 ) I ) I W (6 , ) I I ^^3 (^5 , T-5 ) MO C^T; 



We argue similarly as in the previous Subcase, but we now use an Lf^, Lf^, L^ ,^, i^, Holder 
inequality and Proposition 12.41 to deduce that the previous expression is: 



(91) < ^—E\u{0)). 

(We note that we used the fact that ||w>jvi II 0.3+ ^ i^lkll 1 } + ■) 
Subcase 3: 1^3 1 > A^i- 

Subcase 3 is analogous to Subcase 2, and we get the same bound on the wanted contribution. 
Case 2: - A^i or - A^i. Let us WLOG consider the case Ni. (the case - Ni 

is analogous) Let us also WLOG suppose: 

N* - N2, N; - N3, NI - iV4. 
Arguing similarly as earlier, we want to estimate: 



^ eiN2)e{N3) 

Ti + ---+Te=0 "'ei+---+?6=0,|5l+C2+C3|~Wl 
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\v{il,Ti)\\v{^2,r2)\\v{^3,T3)\\vN2iU,n)\\vN3i^5,r5)\\ixv) Ni (^6 , Tg ) | d^j dTj" 

We write: 



V = V , 1 + 1 . 



We consider the following subcases: 

Subcase 1: |aU6U6l « W)'- 
We have to estimate: 



^ eiN2)9{N3) 

Ti + ---+Te=0 "'Cl + ---+?6=0,kl+?2+?3|~A'l 



< 



/ 7^ (I VfJV*)^ ' 1 1 (^4, T4) I) 



+ ...+r6=0 JCi + ---+56=0,|Ci+?2+C3|~A'l «(^r) 

We apply an ,,,, ij^, ij^, Holder inequality, Proposition l2.21 and Proposition l2.4l to deduce 
that the above expression is: 

(92) < ^E^uiO)) 

Subcase 2: niax{|ei|, \U 161} > (^D^- 

We consider WLOG when |$i| > (N^)^ . The other two cases are analogous. Hence, we have to 
estimate: 



1 

ri + ---+T6=0 "'Ci + ---+?6=0,|Ci+?2+C3l~Af 



l«>(Ar.)i(^l''^l)ll"(^2,T2)||w(6,T-3)||wAr2(6,T4)||wAr3fe,T5)||(x^') ^4 (^6, T•6)|d0^^^j 
< / / , , 7^l^^>(^.,i(ei,n)||(I?5r^,(C4,r4)| 

We use an Lf ^, Lf ^, ^, Lf^^, Lf^^ Holder inequality, and Proposition [2^ to deduce that this 
expression is: 



BOUNDS ON SOBOLEV NORMS FOR NLS ON K 



27 



Here we used the fact that II ill n a , < — 11+. 

Hence, the contribution from this Subcase is: 



(93) < 7^fZT^E\u{0)) 



1 

Combining ([TO)) . ([?T|) . ([M)) . it foUows that the contribution to Ini,N2,N3,N4, coming from Big 
Case 1 is: 

(94) O{j^E'{u{0))). 

Big Case 2: We recah that in this Big Case N^. 
From Proposition 14.21 we observe that in Big Case 2, one has: 



(95) M4(a,6,6,C4) = o{j—^e{N*)d{N;)N;N:) 



1 



In Big Case 2, we argue in the same way as we did for the Hartree equation on in 44 . 
The same argument as in Section 4.1. of the mentioned paper imphes that the contribution to 
Ini,N2,N3,N4 coming from Big Case 2 is: 

(96) Oij^E^iuiO))). 

We refer the reader to the proof in [44]. Let us note that in the periodic setting, we could only 
get a decay factor of • 

We use ([M|) . ((M)) . ((55t . and sum in the N* to deduce Lemma for to = 0. By time-translation, 
the general claim follows. □ 



Remark 4.5. If we use the method of proof of Theorem \l.l\ for the Hartree equation (here we just 
use mass and energy as conserved quantities), we can obtain the bound \\u{t)\\Hs < C{l + \t\)'^'^^^')^ , 
which is a weaker result than Theorem \1.2\ when s is large. 

5. Appendix A: Auxiliary results for the cubic nonlinear Schrodinger equation. 

In Appendix A, we prove Proposition [32] 

Proof. By continuity of Energy and Mass on both of the claims clearly hold for n = 1. For 
higher n, we will need to work directly with the higher conserved quantities of ([T]). One can explicitly 
compute these quantities by means of a recursive formula. The formula that we use comes from 
[231 [3D]. Let u be a solution of ([1]). Let us define a sequence of polynomials {Pk)k>i by: 
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(97) 



Pi ■■= \u\^ 

9 (Pk\ , 



[Pk+i := -iu^i^) + E/=i PiPk-i, forfc > 1. 

Then, for all k > 1, J Pk dx is a conserved quantity for ([T]). 

For the details, we refer the reader to [2l], more precisely to Page 53, where it is noted that 
formulas (4. 19), (4. 20), (4. 34) in the textbook still remain valid for our equation. Let us now explicitly 
compute: 

P - ^ 

ox 

, ,2 5 

"4 = iu-^r-irU — i\u\ U — U. 

ax-^ ox 
The conserved quantity corresponding to Pi is: 



Pidx = J \u\ dx = Mass. 
For the conserved quantities corresponding to P2, P3, we integrate by parts to obtain: 



/ P2dx = —— l{u—u — u—u)dx 
J 2 J ox ax 



Momentum. 



P-idx = [ I— MprfxH — / lul^dx '^Energy. 
J 'ox ' 2 J 

So, we recover the well-known conserved quantities this way. 

We argue by induction to deduce that: 

Pn — CU— -U + l.O.t. 

dx"-^ 

Again, by induction, we obtain that each lower-order term contains in total at most n— 3 derivatives. 
It follows that the conserved quantity we want to study is: 

f /■ I 9" ,2 

En{u) := / P2n+idx = ±c / dx + l.O.t. 

Here, each lower-order term is the integral of a polynomial in x-derivatives of u, u containing in total 

at most 2n — 2 derivatives. If we integrate by parts, we can arrange so that at most n derivatives 
fall on one factor, and that at most n — 2 derivatives fall on all the other factors combined. By using 
Holder's inequality and by Sobolev embedding, there exists a polynomial Qn = Qn{x) s.t. 

(98) E^{u) > C(||m|||„ - Q„(||u||ff„-i)||u||H„). 

Similarly, if we also use multilinearity, it follows that there exists a polynomial i?„ in (x, y) s.t. 

\En{u) - En{v)\ < {\\u\\h^ + \\v\\h^)\\u - v\\h^ + 

(99) Rni\\u\\H.-i,\\v\\H.-i)\\u - v\\h'^. 



^we estimate the factor with the most derivatives, and an arbitrary other factor in L^; the rest of the factors we 
estimate in L°° 
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The fact that En is continuous on _ff" fohows immediately from This proves the first part of 
the claim. 

Furthermore, if we define: 

En{u) -.^ En{u) + \\u\\l,, 

then, by dM]), it follows that: 

E'niu) > C„{\\u\\l- - Qn{\\u\\H^.-l)\\u\\H'^). 

This bound in turn impUes: 

(100) \\u\\h^ < i(Q„(hllff"-0 + \liQn{\\u\\H^-.)r + ^Eniu)). 

We finally define: 



(101) B, 



:= i(Q„(S„-i(<i>)) + ^ iQn{Bn-imr + -^Eni^) 



We combine the fact that En is continuous on iJ", conservation of mass, (|100p . and argue by 
induction to deduce the second part of the claim if we define i?„ as in (|10ip . 

□ 

6. Appendix B: Auxiliary results for the Hartree equation. 
We first prove Proposition 14.21 assuming Lemma 14.31 
Proof. Let us first recaU that: 

(102) V £L°° 

As before, we consider ~ Nj for dyadic integers Ni, N2, N^, N4. We order the Nj to obtain 
N*, for j = 1, . . . , 4, s.t. > > > N^. Let's recah the locahzation By symmetry, let 
us also consider WLOG N* - A^i. 

We consider the following cases: 

Case 1: N* ■> A*. 

We must consider several subcases: 

Subcase 1: A^ - A^2- 

Since + ^2 + + ^4 = Oi obtain: 

(103) le? - e2 + el - elH 2|(6 + 6)(a + ^4)1 

In this Subcase, this expression is: 
By Lemma l4.3i we know: 

1(^(^1))^ - m.)r\ < 1161 - 1611^ < 16 + 
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Similarly, assuming WLOG that l^g] > |^4|, we use LemmagSl and the fact that < nfrT"' 

if 161 > N, and (OiCa))^ - i0{U)? = 0, if |6I < N to deduce that: 

^2 ^nu ^^2, ^ , . ,0(A^rMA^2*) _ , , MN*)e{N*) 



Combining the last three bounds and (|102l) . we obtain: 



(104) * ^ o(_2_(?(Ar*)0(iv*)). 



Subcase 2: N* - iVg 



In this subcase, we don't expect any cancelation in neither the numerator nor the denominator. 
So, we just estimate the numerator as O(0(A^j*)0(iV|)), and we estimate the denominator as ^ (^i 
Consequently: 

(105) * = o{j^e{N*)e{N;)). 

Case 2: N^. 

As before, we consider two subcases: 
Subcase 1: iVg* > 7V|. 

It suffices to WLOG consider when - N2,NI - iVa, A^l - A^4- 
We have: 

iCi - 6' + ^3 ~e,\^ mi + 6) (6 + 6)1 ^ ^ri6 + 6i- 

We argue now as in Subcase 1 of Case 1 to obtain: 

'^ = o{j^e{N*)o{N;)). 

Since ^ N^, in this subcase, we obtain: 

(106) ^ = 0{jj^9iN:)9iN;)N;). 

Subcase 2: N* - N* - iV* - N^. 
We know: 

ie?-el + 6'-6'i~i(a + 6)(6 + 6)i- 

We must consider several sub-subcases. 

Sub-subcase 1: |6 + 61 < 1, 16 + 61 < 1- 

Since 6 + 6 + 6 + 6 = 0, we get: 

6 + (6 +6) = -6 
6 + (6 + 6) = -6 



6 + (6 +6) + (6 +6) -6- 
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From the previous identities, the Double Mean Value Theorem and (|67p. we obtain that 

\mi)r-i0m' + {9ii3)r-{e{u)r\ = 



= \m3 + (a + 6) + (a + ^4)))' - + (a + a)))' + ms + (a + 6)))' - mi)? 
< la + 6 1 la + a 1 1 (0')"(e3) I < la + 6 1 la + a I 
<ia + aiia+ai- 



53 

6l(iVi*)6'(^2) 



So, in this sub-subcase, we obtain that: 

* = o(^0(ivr)0(iv*)) = 

(107) = o{-^jiN*,)eiN;)N;Ni) 

Sub-subcase 2: |^i +^4] > 1. 

Here: 

la' - & + a' - a'l = 21a + ana + ai > la + ai = la + ai 

Hence, by Lemma l473l 

^^o(lwa))'-(^?(a))' , \m3)?~{oium,^ 



la + ai la + ai 

(108) o(_i_^(7V*)0(iV|)Ar*7V*) 

Sub-subcase 3: |a +ai ^ 1- 

We group the terms in the numerator as: 

{mi)? - m^)?) + {m^yf - m^w 

Then, we argue as in the previous sub-subcase to obtain: 



(109) o{j—^0{N*)e{N;)N;N:) 



Let us now prove Lemma 14.31 

Proof. We have to consider five cases: 

(1) iV< |y|,2iV< |x| 

(2) N < \y\< \x\ < 2N 
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(3) |y| <\x\<N 

(4) \y\ <N,2N< \x\ 

(5) |y| < iV < \x\ < 2N 

We consider each case separately: 

(1) mx)' - {eiy)r\ < i\x\ - \y\) sup[|,|^|,|] m'{z)\ < {\x\ - \y\) sup[^,|,|j m'iz)\ 
By using (j66l) . this expression is: 

<(N-M) sup (I^)<(H-M) sup = 

[N,\x\] \Z\ [2N,\x\] \Z\ 

= (N - \y\) -P ^ ^ = (N - M)^ = (N - M)^. 



(2) mx)r ~ {0{y)r\ < {\x\ - iyi)sup[i,i,i,i] m'{z)\ < {\x\ ~ iyi)sup[i,i,i,i] 

For z e [\y\, \x\], one has: 

{e{z)y ieiN)f {e{x)f 



\z\ \N\ \x\ ■ 

Hence, we get the wanted bound in this case. 

(3) In this case: {e{x)f - {e{y)f = 0. 

(4) \{e{x)f - {e{y)f\ = 1^ - {e{N)f\, and we argue as in the first case. 

(5) \{6{x)Y — {d{y)Y\ = \{0{x)Y — (^(^))^|, and we argue as in the second case. 
Lemma [131 now follows. 



□ 



7. Appendix C: The derivative nonlinear Schrodinger equation: 
In this Appendix, we give a brief sketch of the proof of p^ . 

We don't consider derivative nonlinear Schrodinger equation directly. Rather, we argue as in 
[m inn 131] , and we apply to (ITB|) the following gauge transform: 

(110) gf{x) :== e-'i-^ l^^^^l'^^VW- 

For u a solution of (jl6p .we take w :— Qu. Then, it can be shown that w solves: 



(111) 



{iwt + Aw = —iw^Wx — ^\w\^w 
w{x, 0) = woix) = g^{x),x eR,teR. 

The equation (jllip has as a corresponding Hamiltonian: 
(112) E{f) := J djdjdx ~ i/m j fffdjdx. 

Although the problem is not defocusing a priori, in [in],[in], it is noted that the smallness condition 
pT)) guarantees that the energy E{w{t)) is positive and that it gives us a priori bounds on |jw(i)j|/fi . 
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It can be shown that the gauge transform satisfies the following boundedness property: 
Gauge transform bound. For s > 1, there exists a polynomial Ps — Ps{x) such that: 

WGfWH^ <mf\\H^)\\I\\H^, 
\\G''f\\H^^<Psi\\f\\H^)\\f\\H^. 

From the bi-continuity of gauge transform, and the uniform bounds on j^i , it suffices to 

prove for solutions of (lllip the bounds that we want to hold for solutions of the derivative NLS. 

One can show that a local-in-time estimate, analogous to Proposition 14.11 holds for (jlll|) . The 
key is to use the following: 

Trilinear Estimate. Let s > 1,6 e (^, > ^, then for vi,V2,V2 : R x M — > C, the following 
estimate holds: 

lklt'2(w3):rllx-'-i ^ \\vi\\x^.'''h2\\x^.'''\\^3\\x^.''' 

(113) + \\vi\\x^m\\v2\\xsm\\v3\\x^.>-' + ll^'l|lx-^'ll«2|lA'i.'>'ll«3|lxi.f'- 

This estimate is the analogue of Proposition 2.4. in where the identical statement is proved 
in the context of low regularities. The proof for s > 1 is similar, with minor modifications. 

We now argue as in Theorem II. 2 [ by using the technique of higher modified energies. We define 
as before. We consider the higher modified energy given by: 

(114) E^{w) := E^{w) + XiiMr, w). 

Using the equation ()llip . it follows that a good choice for the multiplier M4 on the set r4 is: 
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(115) ^4 - 2 .2,. 2 .2 

SI ~ S2 + S3 ~ S4 

We define the ordered dyadic localizations N* as before. With this notation, one can show the 
following: 

Multiplier bound. On T4, one has the pointwise bound: 

(116) IM4I < l^e{N*)eiN;). 

By construction of M4, we obtain: 

lE'iyj{t)) = j^EHw) + j^\,{M,;w) 

(117) = Xeiae; w) + \q{Mq] w) + \s{M^]w). 
Here: 

(118) ae = mi)f - m2)f + m^)? - m^)? + {e{i,)f - (em'. 



(119) 



Me - M4(a23, ^5,^6)6 + M4(a, 634, ^5, ^6)6 
+ M4 (Cl , 6 , 645 ,^6)^4 + Mi (Cl , 6 , 6 , $456)^5 ■ 
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Ms - M4(Cl2345, ^6, ^7, 6) - ^4(6 , ^3456 , ^7, £.s) 

(120) +M4(a, 6, 64567,^8) - ^4(6, 6, 6,^45678)- 

Using (|117p and (|116p . we can argue similarly as in the proof of Theorem 11.21 to deduce that: 

(121) \E'iw{to + S)) - E\w{to))\ < -l-E'iw{to)). 

N2 

The bound for the derivative NLS follows from (|12ip . □ 
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